An integral representation is suggested for generalized parton distributions which automatically satisfies the polynomiality and positivity constraints. This representation has the form of an integral of perturbative triangle diagrams over the masses of three propagators with an appropriate weight depending on these masses. An arbitrary D term can be added.
Introduction
Generalized parton distributions (GPDs) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] appear in the context of the application of QCD factorization to a number of hard phenomena like deeply virtual Compton scattering and hard exclusive meson production. Among several general constraints on GPDs an important role is played by the polynomiality of the Mellin moments [5] and by the positivity bounds [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] . These properties will be briefly described in Section 2.
In a recent paper [23] an ansatz for GPDs is suggested which automatically satisfies both positivity and polynomiality constraints. The construction of ref. [23] is based on formal mathematical tricks rather than on physical arguments. In this paper another approach is taken. We start from an analysis of simple perturbative graphs for GPDs. On general grounds these graphs must obey both positivity and polynomiality constraints. We check the positivity explicitly. Next we notice that the set of functions obeying both polynomiality and positivity conditions is convex. Therefore taking linear combinations of perturbative graphs for different theories weighted with positive coefficients we obtain new solutions of the positivity and polynomiality constraints. The words "different theories" mean that we can average over various parameters: masses, vertices, couplings, sets of fields, etc. At first sight this cooking recipe looks more like an artificial trick than physics. In this paper we try to give certain physical arguments in favor of this construction of GPDs. We restrict the analysis to the case of spinless hadrons (e.g. pions). The generalization for the more interesting case of nucleon is straightforward.
We use the following definition of GPDs which is not quite standard but allows us to study different cases with a universal formalism:
Here |P k is the hadron state with momentum P k . The light-like vector n n 2 = 0 is normalized by the condition
We use the standard notation of Ji [14] for parameters ∆, t and ξ
The definitions of the light-ray operators O (N ) (λ, n) for various types of partons are listed in the table 
We have included the scalar field φ into this table since the GPD of the φ 3 model will be an essential ingredient of our construction. The last column of this table contains the number N of factors n µ appearing in the light-ray operator O(λ, n). This number N plays an important role in the formulation of the positivity bounds and the polynomiality conditions and we include N in the notation (1) of GPD H (N ) (x, ξ, t).
Polynomiality and positivity
Whatever limited our knowledge about GPDs is, there are two basic constraints: polynomiality and positivity. The polynomiality means that Mellin moments in
must be polynomials in ξ of degree m + N . The positivity bounds on GPDs have a simple form in the impact parameter representation [16, 19, 20, 21] . The transverse component of the hadron momentum transfer ∆ (3) is connected with the parameter t (3) by the following relation
Let us define the GPD in the impact parameter representationF
We use the notationF (N ) for GPDs in the impact parameter representation in order to avoid confusion with the nucleon GPDH and to keep the compatibility with the notation of ref. [22] where the following inequality was derived
This inequality was obtained in ref. [22] for the case N = 1 and the generalization to an arbitrary N is straightforward.
The inequality (8) should hold for any function p(z). Therefore we deal with an infinite set of positivity bounds on GPDs. The inequality (8) (with its generalizations for the nonzero-spin hadrons and for the full set of the twist-two light-ray operators) covers various inequalities suggested for GPDs [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] as particular cases corresponding to some special choice of the function p(z).
It is well known that the double distribution representation [1, 2, 7] with the D term [24] H(x, ξ, t) =
guarantees the polynomiality property (5). Another interesting parametrization for GPDs supporting the polynomiality was suggested in ref. [25] .
On the other hand, the positivity bound on GPDs (8) is equivalent to the following representation for GPDs in the impact parameter representation (see Appendix A) in the region x > |ξ|
with arbitrary functions Q n . Instead of the discrete summation over n one can use the integration over continuous parameters. Although both polynomiality and positivity are basic properties that must hold in any reasonable model of GPDs, usually the model building community meets a dilemma: one can use the double distribution representation (9) but it does not guarantee that the infinite set of inequalities (8) will be satisfied [26, 27] . Alternatively one can build the models based on the representation (10) or on the so called overlap representation [15] , which also automatically obeys the positivity bounds, but then one meets problems with the polynomiality. In this paper a rather general representation for GPDs is suggested which guarantees both positivity and polynomiality.
General method
One could consider the construction of a representation for GPDs which solves simultaneously positivity and polynomiality constraints as a pure mathematical problem, looking for functions Q n (10) which allow the double distribution representation (9)
If we manage to find a large set of such functions Q n then making linear combinations with positive coefficients we can construct many solutions of the positivity and polynomiality constraints. This strategy was used in ref. [23] .
On the other hand, the solution of the positivity and polynomiality constraints is a physical problem and instead of formal mathematical methods one can try to solve it relying on physical arguments. The polynomiality and positivity constraints hold in any reasonable quantum field theory. In particular, we expect these properties in the leading order perturbative diagrams for GPDs in various perturbative field theories. Now it makes sense to notice that the form of the polynomiality and positivity constraints is sensitive to the spins of partons and hadrons but not to the dynamics of the theory. Therefore taking a formal superposition of the leading-order perturbative GPDs F M (x, ξ, t) over various models M (and over various values for the parameters of these models) with arbitrary positive coefficients c M ,
we also obtain a representation for GPDs which automatically obeys both polynomiality and positivity constraints. At first sight the mathematical approach based on relations (10) and the diagrammatic method (12) are absolutely different ways to solve the positivity and polynomiality constraints. But there is a deep relation between the two approaches. One can show that, if one uses triangle perturbative graphs for GPDs F M (x, ξ, t) in the rhs of eq. (12), then in the impact parameter representation (7) this function has the factorized form (in a different context this feature was used in ref. [28] )
in the case of models M containing only one scalar particles. If the model contains a polarized particle then a finite sum is possiblẽ
Obviously the triangle graph GPDs F M (x, ξ, t) obey the polynomiality constraints and automatically have the double distribution representation (11) which naturally appears in terms of the α-parameter calculation of Feynman diagrams [1, 2, 7] . Now we can combine the physical and mathematical approaches. Triangle graphs will provide us with functions Q M and with the their double distributions. Using the functions Q M , generated by the triangle graphs, in the decomposition (10), we can construct GPDs obeying both polynomiality and positivity constraints.
The next step is to take perturbative theories containing several parton fields with different masses. In this case asymmetric triangle graphs with different masses will enter the game. Taking the number of different masses to infinity one arrives at triangle graphs integrated over the masses. Under certain restrictions on the integration weight this will generate GPDs obeying both positivity and polynomiality constraints.
The triangle graph for GPDs. Light-cone momentum fractions are shown in units of (P
Another important ingredient is the D term (9) . Formally one can use the trick of ref. [29] and include the D term in the double distribution representation for GPDs. However, for the analysis of the positivity bounds the explicit form of the D term is much more convenient. Indeed, the D term vanishes in the region |x| > |ξ| and therefore it is not restricted by the positivity bound (8) . On the other hand, the D term automatically satisfies the polynomiality constraint. This means that constructing the solutions of the polynomiality and positivity constraints we are free to add an arbitrary D term.
Triangle graph in φ 3 model
Let us start the analysis of the positivity properties of perturbative diagrams from the case of scalar partons. The perturbative triangle graph of the φ 3 model of Fig. 1 is often used as a toy model for GPDs [7] . This triangle graph leads to the following Feynman integral
Here the scalar "partons" have mass m q and the mass of the scalar meson is M
It is assumed that the meson stability condition holds:
We are going to consider the version of the φ 3 model with such a flavor content and couplings which select the diagram of Fig. 1 but forbid the crosschannel diagram. The resulting GPD vanishes in the "antiparton region" x < −|ξ|. Therefore the positivity bounds will be nontrivial only in the domain x > |ξ|. At x > |ξ| the pole integration over q − in eq. (15) allows us to replace the q-propagator by the corresponding mass shell delta function
After this replacement the positivity properties of this diagram become obvious without further calculation, since we have a convolution of the positive delta function with the P 1 ↔ P 2 symmetric factors which are real. Indeed, in the region x > |ξ| the P k − q momenta are never on-shell under the assumption (17) so that we can ignore the i0 corrections in the corresponding propagators.
If one is interested in arbitrary x and ξ , then the straightforward calculation of the integral (15) in the α representation leads to the result
with the following double distribution [see eq. (9)]
The α parameters used here are related to those of ref. [7] as follows
and the connection with parameters α, β appearing in eq. (9) is
Introducing the variables
instead of x and ξ and returning to the region x > |ξ| (i.e. 0 < r 1 , r 2 < 1) one finds from (19), (20)
In the impact parameter representation (7) we find
where the function V can be written in terms of the modified Bessel function
The result (25) for the GPD in the impact parameter representation obtained in the φ 3 model is an illustration of the general decomposition of triangle diagrams (13) .
In terms of variables r 1 , r 2 (23) equation (25) takes the form
Triangle graph in Yukawa model
Now let us compute the "quark-in-meson" GPD in Yukawa model. The same triangle graph of Fig. 1 (now with the fermion loop) leads to the following Feynman integral
Again we assume that the flavor content and couplings are chosen so that the cross-channel triangle diagram is forbidden. Hence we deal with the GPD vanishing at x < −|ξ|. The trace of the Dirac matrices can be represented in the following form
Most of the terms in the rhs of eq. (29) contain factors which cancel one of the propagators in the denominator so that one arrives at reduced diagrams containing only two propagators (Fig. 2) . The contribution of the nonreduced part is
Comparing the rhs with eq. (15) we see that we have reduced the calculation of GPD in Yukawa model to the scalar GPD in φ 3 model
The reduced diagrams (a) and (b) of Fig. 2 give a t independent contribution. Therefore in the impact parameter representation they vanish if b ⊥ = 0. The contribution of the reduced diagram (c) of Fig. 2 has a structure of a D term (9) which vanishes if |x| > |ξ|. Thus all the three reduced diagrams can be ignored if one is interested in the region |x| > |ξ|, b ⊥ = 0. Let us transform eq. (31) to the impact parameter representation omitting the reduced diagrams. Parameter t (6) becomes a differential operator operator
With this expression for t and with the representation (25) 
Functions V r, c ⊥ expressed in terms of the modified Bessel functions (26) obey the following differential equation
Using this differential equation and variables r k (23) we find from eq. (33)
We see that the rhs has the general structure (14) satisfying the positivity bounds. One can also compute GPD H Y,γ 5 (x, ξ, t) in Yukawa model with the pseudoscalar coupling. Replacing the interaction
one slightly changes the Dirac trace (29) which leads to the following modification of the GPD
In the impact parameter representation we again find an example of the general structure (14) satisfying the positivity bound:
In the previous section we have explicitly checked that the triangle diagrams in Yukawa model generate GPDs satisfying both polynomiality and positivity constraints. Since the fermion-in-(pseudo)scalar GPDs obey the same polynomiality and positivity constraints in Yukawa models and in QCD we can use the triangle GPDs of Yukawa model as elements for the construction of models of quark GPD for pion, compatible with the polynomiality and positivity constraints. The first step is to mix the GPDs of the scalar and pseudoscalar Yukawa model
with positive coefficients, which is equivalent to Yukawa model with the coupling
Now let us show that function
also obeys both polynomiality and positivity constraints for the quark GPD in pion. Indeed, the positivity inequality (8) for the fermion-in-scalar GPD (N = 1) differs from the case of the scalar-in-scalar GPD (N = 0) exactly by the factor of (1 − x). The polynomiality condition (5) for the fermion-inscalar GPD also allows one more degree compared to the GPD in the φ 3 model. Now can use all available elements, (39) and (41), to build models for the pion GPD. For any positive coefficients c k the following combination will satisfy both polynomiality and positivity constraints:
The next step is to consider triangle graphs with arbitrary masses. First we consider this procedure in the φ 3 model. Let us take the triangle graph of Fig.  1 with the masses m 1 for the (P 1 − q)-propagator, m 2 for (P 2 − q) and m 3 for q. The corresponding generalization of eqs. (19) , (20) looks as follows
Then in the impact parameter representation by analogy with eq. (26) we find in the region x > |ξ|F
Here we have the following generalization of the function V (r, c ⊥ ) (26) to the case of different masses m k
Any single triangle graph automatically satisfies the polynomiality constraint. Therefore mixing the contributions of various triangle graphs we must take care only about the positivity. Keeping in mind the factorized structure (45) we see that the following integral
(47) is compatible with the positivity if the weight σ has the structure
where the function c(m 1 , m 3 , λ) is arbitrary. This representation is equivalent to the following property of σ(m 1 , m 2 , m 3 )
for any function f (m) and for any value of m 3 . Thus our model for the scalar-in-scalar GPDs (H (N ) with N = 0) is parametrized by a function of three parameters. This is exactly the same amount of degrees of freedom as in the GPD depending on three variables x, ξ and t.
Now we can turn to Yukawa model, generalize the representation (42) to the case of different masses m 1 , m 2 , m 3 and integrate over these masses by analogy with the φ 3 model, eq. (47). Then we arrive at the following representation for the fermion-in-scalar GPD (H (N ) with N = 1)
Here the integration weights s k must have the following structure
with arbitrary functions c k (m 1 , m 3 , λ). We remind that the term D(x/ξ, t) in the rhs of eq. (50) is not constrained by the polynomiality and positivity. The triangle GPD H φ 3 vanishes in the antiquark region x < −|ξ|. Therefore the construction (50) should be modified by the inclusion of a similar contribution with the replacement x → −x and with its own set of coefficients s k .
Problems and their cancellation
As mentioned above, we have checked that the GPDs obtained from triangle graphs satisfy the positivity bounds in the impact parameter representation only at b ⊥ = 0. At b ⊥ = 0 we have the contributions coming from the reduced diagrams (a), (b) of Fig. 2 which depend on the normalization point and can violate the positivity bounds. This b ⊥ = 0 feature of the triangle diagrams is the leading order perturbative manifestation of more serious problems which can be met due to a nontrivial interplay between the two scales µ −1 and b ⊥ [19] . If one wants to construct models of GPDs avoiding this small b ⊥ problem then one can impose the following condition on the coefficients c k (m 1 , m 3 , λ) appearing in our construction of the integration weight (51)
Indeed, the reduced diagram of Fig. 2 (b) does not depend on m 1 therefore after the integration over the masses with the weight (51) obeying condition (52) the contribution of the diagram (b) vanishes. The contribution of the diagram (a) is m 2 independent and vanishes after the integration over m 2 . Condition (52) also suppresses the unacceptable large t behavior of triangle graphs. Note that eq. (52) means that functions c k (m 1 , m 3 , λ) cannot be positive everywhere. This is not a problem because in order to satisfy the positivity bounds on GPDs we need only the construction (51) for s k and we have no restrictions on the sign of c k .
Positivity of forward parton distributions
The positivity of forward parton distributions (FPDs) is a consequence of the positivity bounds on GPDs. This idea is present in an explicit or implicit form practically in all papers dealing with the positivity bounds on GPDs [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] . Since our construction of scalar-in-scalar GPDs (47) and fermion-in-scalar GPDs (50) satisfies the positivity bounds on GPDs (8), the positivity of the corresponding FPDs is predetermined. Nevertheless the direct explicit check of the positivity is rather interesting. In particular, in the case the fermion-in-scalar GPDs made of the triangle graphs of Yukawa model, the analysis of the forward limit is instructive for understanding the role of the "divergences-cancellation" condition (52). The FPD of the φ 3 model is given by
This result can be obtained by taking the forward limit in eq. (43) generalized to the case of different masses m k . Note that here we define the FPD q φ 3 as the forward limit of the GPD H φ 3 . This differs by a factor of x −1 from the physical definition appealing to the density of partons. If we take this FPD q φ 3 for the φ 3 model itself without integrating it over masses m k then in the symmetric case m 1 = m 2 we find
The positivity of this function is obvious if we assume the meson stability condition
Indeed, xm
Next, we can consider the scalar-in-scalar GPDs constructed according to eq. (47) and take the forward limit. With expressions (48) for σ and (53) for q φ 3 we find
The positivity of this expression is a consequence of the following inequality valid for any function f and for any b > 0.
Now let us turn to Yukawa model. A straightforward calculation allows us to express the triangle graph contribution (with different parton masses) to the FPD of Yukawa model q Y in terms of the triangle FPD q φ 3 of the φ 3 model as follows
The ultraviolet divergences of Yukawa model are renormalized at the scale µ.
Here the situation is different. For fixed parton masses the FPD q Y (60) depends on the normalization point µ via the additive term ln µ. This simple µ dependence obviously leads to the violation of the positivity at low normalization points and to the restoration of the positivity at large µ (here the formal behavior of the triangle graph is meant and not the properties of the full Yukawa model).
Next we want to study the forward limit of the fermion-in-scalar GPDs constructed according to eq. (50). Since the logarithmic µ dependent terms in eq. (60) depend either on m 1 or on m 2 but not on both m 1 and m 2 simultaneously we conclude that the µ dependent logarithmic terms will be cancelled by the integration over m 1 and m 2 due to the condition (52). For simplicity we take the case c 2 = c 3 = 0. Then we are left with
The positivity of FPD reduces to the following inequality
Fixing λ and m 3 one can show that this inequality holds already after the integration over m 1 and m 2 . First we have to rearrange the factor in the brackets as follows
where
The positivity of the A 1 and A 2 contributions follows from the inequality (59) if we assume that the integration over masses m k involves only those parton masses that are compatible with the stability of the meson. The contribution of A 3 is positive due to the condition (52). One has to use the following general mathematical fact: for any function obeying condition
we have
Conclusions
In this paper we found the representation (50) for the quark-in-pion GPDs which automatically obeys both polynomiality and positivity constraints. This construction is based on the integration of the triangle graphs for Yukawa model over "parton" masses. It also contains the nondiagrammatic (at least with respect to Yukawa model) piece (1 − x)H φ 3 whose positivity and polynomiality properties are inherited from the φ 3 model. The mass integration allows a wide class of mass dependent weights constrained only by the positivity condition (51) and by the divergence-cancellation requirement (52).
We also have the freedom of adding an arbitrary D term without violating positivity and polynomiality. The possibility to include the D term is very important. Indeed, integrating over the masses of triangle graphs one can generate only thresholds in the t channel whereas the D term allows us to produce single-particle poles in the t channel.
This paper describes only the method of the construction of GPDs obeying polynomiality and positivity constraints. Certainly one can go beyond the φ 3 and Yukawa models trying to find new "perturbative bricks" for the construction of the solutions of the positivity and polynomiality constraints. One should keep in mind that in contrast to the two-point correlation functions for which we have Källen-Lehmann representation, the case of form factors and GPDs is more involved and there is no guarantee that the true physical GPD can be represented as an integral of triangle graphs over their masses even if we go beyond Yukawa model, include all reasonable vertices from other theories and make our best from the freedom to add an arbitrary D term.
On the other hand, our construction is parametrized by arbitrary [up to the constraint (52)] functions c k (m 1 , m 3 , λ) depending on three variables, i.e. our parametrization has the same amount of "degrees of freedom" as GPDs H(x, ξ, t) which also depend on three variables. This means that the set of the GPDs covered by the representation (50) is rather large.
The comparison of the triangle graph approach considered here with the formal mathematical solution of the positivity and polynomiality constraints suggested in ref. [23] shows a number of similar features but at the moment it is not clear how large the overlap between the two representations is. As long as this issue is not clarified it makes sense to work with the "superposition" of the two representations. Indeed, from the practical point of view the variety of structures compatible with the polynomiality and positivity is more important than the problem of the unambiguous parametrization of GPDs.
The region covered by the positivity bounds (8)
is mapped to the square in the r 1 , r 2 plane 0 < r 1 , r 2 < 1 .
Inequality (8) 
Since function p is arbitrary we can replace it
which leads us to the equivalent form of inequality (74) 
with some functions R n . Turning back to the variables x, ξ we find
Introducing functions
we obtain representation (10) forF (N ) x, ξ, b ⊥ .
